Flat walls facilitate the condensation of a supersaturated vapor: Classical theory of heterogeneous nucleation predicts that the free energy barrier ∆F * het which needs to be overcome for the formation of sphere-cap shaped nucleation seeds is smaller than the barrier ∆F * hom for spherical droplets in the bulk by a factor 0 < f (θ) < 1, which only depends on the contact angle θ. In this letter we compute both ∆F * hom and ∆F * het from Monte Carlo simulations and test the theory for the lattice gas model (for which θ can be readily controlled). Even though the theory is only based on macroscopic arguments, it is shown to hold for experimentally relevant nanoscopic nucleation seeds (20 ≤ ∆F * hom /kBT ≤ 200) if (independently estimated) line tension effects are considered.
Nucleation [1] [2] [3] [4] [5] is a ubiquitous process which governs such diverse phenomena as the formation of rain drops or snow flakes in the atmosphere, the crystallization of proteins and even the formation of industrially relevant polymer foams. Even though considerable empirical knowledge has been gathered, e.g., on which materials are suited as seed particles for making clouds rain [6] or as nucleation agents to start precipitation in metallurgy [7] , many questions remain. Reasons for this partial shortcoming are manifold: Experiments are very difficult to control. Homogeneous nucleation in the bulk needs to be separated from heterogeneous nucleation at walls or impurities, and small changes in parameters typically lead to large changes in corresponding nucleation rates. Nucleation sites often only consist of a few hundred or thousand atoms and can only be observed indirectly. Unfortunately, theoretical progress is also hampered by these difficulties. Simulations on the other hand offer full control and are at least in principle able to bridge the gap between theory and experiment and, indeed, significant progress has been achieved in recent years [8] [9] [10] .
According to Classical Nucleation Theory [1, 2] , the formation of a (spherical) nucleation seed in the bulk is understood in terms of two competing factors: a volume term which seeks to expand the seed and an opposing surface term F s = 4πR 2 γ:
R is the radius of the droplet (or bubble), γ the interfacial tension (of a macroscopically flat interface), ∆µ = µ − µ coex the difference in chemical potential relative to the coexistence value, and ρ l,v the densities of the coexisting phases. The free energy barrier ∆F * can now be obtained by determining the maximum of Eq. (1) at R * . Interestingly, at R * we also obtain
Hence, the nucleation barrier can directly be inferred from the knowledge of the surface free energy of a droplet or bubble. Note that the spontaneous formation of a critical nucleus of the new phase in the bulk requires a free energy barrier ∆F * hom of the order 20 ≤ ∆F * hom /k B T ≤ 200. Compared to thermal fluctuations (that one can easily detect e.g. by scattering experiments) this is a rare event.
The presence of a wall facilitates nucleation and reduces the barrier. For macroscopic droplets (see Fig. 1 ), the contact angle θ between the droplet and the wall is given by the competition of the vapor-liquid (γ vℓ ), wallvapor (γ wv ) and wall-liquid (γ wℓ ) interface free energies [11] γ vℓ cos θ = γ wv − γ wℓ ,
for incomplete wetting conditions (γ vℓ > γ wv − γ wℓ ) [12] . Eq. (3) is known as Young's equation and can be derived by considering the forces acting at the three phase boundary. For small droplets, a correction due to the line tension (τ ) of the contact line arises [13] (which has the length 2πr, where r = R sin θ). Considering Eq. (3) and the geometry of the spherecap (see caption of Fig. 1 ) we obtain Turnbull's estimate for the surface free energy [13] [14] [15] :
Intriguingly, f (θ) = V sphere−cap /V droplet . Therefore, Eq. (2) also holds for the heterogeneous case and we get:
The nucleation barrier in the heterogeneous case is simply reduced by a factor of f (θ). Note that this derivation is solely based on macroscopic considerations and has to our knowledge never actually been tested. In this letter we will demonstrate with Monte Carlo simulations of an Ising lattice gas model that this formula can be applied to nanoscopic systems if line tension effects are considered. This provides a stringent test for both the classical theory of homogeneous and heterogeneous nucleation. For this purpose we propose a new method [16, 17] to measure surface free energies (and hence nucleation barriers) of liquid droplets in the bulk and of droplets attached to walls over the experimentally relevant range. No "atomistic" identification of which particles belong to the droplet and which to the vapor is required. No bias potential to stabilize droplets of a particular size [8] is needed, and fluctuations of the droplet are not constrained. We independently determine the droplet volume and the chemical potential that characterizes the (stable) equilibrium between the small droplet and surrounding vapor in the finite system and derive an expression for the line tension.
We test Turnbull's formula (5) [18] (at k B T /J ≈ 2.45). Hence, the correlation length ξ is less than a lattice spacing and the interface free energy does (to a good approximation) not depend on the interface orientation.
Wetting for the Ising model has been thoroughly studied before [19] and by varying the surface field H 1 we can control the contact angle (Fig. 2) . Note that the local surface layer magnetization m 1 = −(∂f s (T, H, H 1 )/∂H 1 ) T,H [20] (f s is the surface excess free energy per spin). With f s (T,
+ , H 1 ) = γ wℓ and Young's equation (3), we obtain θ from thermodynamic integration
Here, we exploit the Ising symmetry f s (T, H → 0 − , H 1 ) = f s (T, H → 0 + , −H 1 ) to use the local magnetization m D at the other surface at which H D = −H 1 acts. γ vℓ = 0.434 was given by the very accurate estimates of Hasenbusch and Pinn [21] .
In the following we describe how to obtain the surface free energy as a function of the droplet radius. First, we measure the chemical potential (in the canonical ensemble) as a function of density (Fig. 3) by applying an adaptation [16, 17] of the Widom test particle insertion method [22] . In the flat region of the isotherm depicted in Fig. 3 , a single droplet is present in the simulation box, which will be used for the determination of the surface free energy. At small densities the ascending branch of µ represents pure vapor (with no single large droplet being present), and the subsequent rapid decrease signifies the system size dependent transition towards a single droplet phase [23] [24] [25] [26] . At larger densities, the droplet region is delimited by a transition towards a cylindrical droplet which is stabilized by the boundary conditions. Note that for each system size, only a certain range of droplet sizes can be stabilized and we have to simulate a whole range of box sizes to cover all radii.
As indicated in Fig. 3 for each droplet state at density ρ, there exists one vapor state at ρ ′ v and one liquid state at ρ ′ l which have the same chemical potential. Equilibrium conditions require that the chemical potential is constant throughout the box. Therefore, the droplet has density ρ ′ l and is surrounded by an environment with density ρ ′ v . The surface free energy of the droplet is simply given by the difference in free energy between the droplet and the vapor state and can be determined by thermodynamic integration:
The number of particles in the box is conserved:
If we further require that the (average) droplet is spherical in the bulk and sphere-cap shaped for the heterogeneous case, V drop becomes 4/3πR 3 or 4/3πR 3 f (θ), respectively, and we obtain R(ρ) and finally F s (R) and F s (R, θ). Fig. 4 a highlights the main results of our study. For the bulk we can directly test the classical theory of homogeneous nucleation by comparing our simulation results for F s (R) with the capillary approximation 2 γ vℓ [16, 26] (γ vℓ being the interfacial tension for a flat interface.) For R = 5 the difference between the theoretical estimate and our simulation results is already less than 5% (at k B T /J = 3.0) and quickly vanishes with increasing droplet radius. The validity of the capillarity approximation for the bulk agrees with conclusions drawn from surface force measurements on liquid bridges [29] , but contrasts a large body of other work (see [26] for a discussion).
We have also determined the surface free energy for a sphere-cap shaped droplet attached to the wall for several contact angles as a function of the radius of curvature. It is important to note that within statistical errors different choices of L and D yield identical results. For θ = 90 o and θ = 58.2 o we have also included the theoretical estimate from the capillarity approximation F c,het = F c,bulk · f (θ). When we consider F c,het (R, θ) − F s (R, θ), we find that the difference in- creases linearly with R, and hence can be interpreted as a line tension contribution, 2πrτ . I.e., Eq (4) is modified to F s,het = F s,hom · f (θ) + 2πrτ . This division of surface and line contributions relies on our droplet definition, Eq (8), which uses the fact that for the lattice gas the Tolman length [3] [4] [5] is zero. Fig. 4b shows a plot of the line tension τ obtained in this way versus contact angle. The line tension is negative, and becomes very small (and presumably vanishes) as θ → 0. The estimates for τ have been used (together with the appropriate estimates for R) in Fig. 2 , to show the expected deviation of the contact angle for small droplets from the bulk value. An independent check of the line tension is obtained for θ = 90
• by investigating slab configurations ( Fig.5 ) with varying D. In this case the potential can be written as G/(2DLk B T ) = γ lv +2τ /D, and the slope in Fig.5 agrees with the estimate shown in Fig.4b . Hence, Eqs. (4) and (5) hold if a correction due to line tension is considered. Interestingly, an experimental hint for the need of a negative line tension describing bubble formation in water extrusion from mesopores was given in [30] .
In summary, we have shown that the classical theory of heterogeneous nucleation at flat walls, which predicts a reduction of the free energy barrier by a factor f (θ), can describe the actual surface free energies F s (R, θ), provided a line tension term is included into the latter. While the importance of line tension effects on small nuclei has been stressed in various other contexts, e.g. [9, 27, 28] , the present paper is the first approach which provides a systematic method to obtain both F s (R) for spherical droplets in the bulk and F s (R, θ) for wall-attached droplets, as well as for the contact angle θ and line tension τ . Thus, for the first time we verify Turnbull's equation from 1950, which still stands as one of the cornerstones of the theory of heterogeneous nucleation. The methods, which in this letter are described for the simple Ising model, can readily be generalized to various models in broad classes of systems. They will enable significant progress in the understanding of nucleation phenomena in diverse branches of physics.
